Abstract: We study T-duality with non-zero components of NSNS two form field along directions we dualize with the help of canonical formalism. As a result of this procedure we determine generalized Buscher's rules. We also apply the same procedure to the case of non-relativistic string.
Introduction and Summary
One of the most important properties of string theory is T-duality, for earlier review, see [1] . This is duality of string theory whose most powerful description is given in terms of Buscher's rules [2, 3] of the transformations of the background fields under T-duality. More explicitly, we start with string sigma model on the background where the background metric possesses one isometry, at least. Then we gauge this isometry so that this is now local symmetry on the string world-sheet when we introduce corresponding covariant derivative and two dimensional gauge field which are non-propagating. In order to ensure that these fields are not dynamical we add to the action term that ensures that the field strength of this gauge field is zero. As the next step we fix the gauge when we take the world-sheet mode that parameterizes direction with gauged isometry, to be zero. Then we can solve the flatness of the gauge field with introducing new scalar mode that parameterizes the string propagating along dual coordinate where now the background fields are related to the original ones through Buscher's rules.
While this procedure is well established in case of the T-duality along one direction situation when we have several isometry directions with non-trivial NSNS two form is more complicated. In our previous paper [4] we encountered this problem when we analyzed Tduality of non-relativistic string in torsional Newton-Cartan background. Since such a string can be defined as T-dual of the relativistic string in the background with light-like isometry [5, 6, 7, 8] in order to study its T-duality properties we had to analyze T-duality of relativistic string along two directions. Even if such a procedure seems to be straightforward it turned out to be rather involved and we were not able to determine transformations rules in the general case of non-zero components of NSNS two form along directions we dualize. Surprisingly we were not able to find corresponding transformations rules in the literature and the goal of this paper is to find them.
Explicitly, we would like to study general string theory action in the background with non-trivial metric and NSNS two form with isometry along several directions. In principle we could start with the Lagrangian formulation and gauge corresponding isometry directions and then proceed as in the case of single isometry direction. However now the situation is much more intricate due to the presence of non-trivial NSNS two form that now appears in corresponding equations of motions. It is important to stress that expressions with NSNS two form are multiplied with world-sheet antisymmetric symbol while expressions with target space metric are multiplied with world-sheet metric so that it is very difficult to solve them. However there is an alternative way how to study T-duality which is canonical approach to T-duality [9, 10] . This procedure is based on the Hamiltonian form of string in the background that possesses an isometry. Then we perform canonical transformations of the coordinate that labels this isometric direction and we derive new Hamiltonian for dual theory. Finally we perform inverse Legendre transformations to T-dual Lagrangian and we determine dual background fields whose forms agree with Buscher's rules. We use this procedure to the case of the relativistic string in the background with non-zero NSNS two form. We determine T-dual Hamiltonian which is straightforward procedure. On the other hand in order to determine corresponding transformation rules for the background field we have to find T-dual Lagrangian. It turns out that this is non-trivial procedure that deserves careful treatment. After performing this analysis we obtain generalized Buscher's rules that also include background NSNS two form. As far as we know these transformations were not determined before in the full generality.
As the next goal of this work is to analyze T-duality of non-relativistic string in torsional Newton-Cartan background and with non-trivial NSNS two form. This section is generalization of the analysis performed recently in [4] . We show that generally under T-duality non-relativistic string maps to the relativistic one with specific form of the background fields and we also analyze conditions that determine that non-relativistic string maps to non-relativistic string again. We show that these conditions are the same as ones that were found in [4] .
Let us outline our result and suggest possible extension of this work. We study Tduality along several directions with non-zero NSNS two form in the framework of canonical formalism. We obtain corresponding generalized Buscher's rules which as far as we know, were determined for the first time in this generality. Then we analyze T-duality of nonrelativistic string in torsional Newton-Cartan background with non-zero NSNS two form and we determined conditions under such a string maps to non-relativistic string. We mean that the analysis presented in this paper could be extended in several directions. In particular, it would be nice to study whether T-dual Hamiltonian found in this paper could be useful for the symmetric formulation of the string in the Double string theory. It would be also nice whether similar analysis could be performed in case of the non-relativistic string. We hope to return to these problems in future.
The structure of this paper is as follows. In the next section (2) we analyze T-duality of relativistic string with the help of canonical formalism. Then in section (3) we present the same analysis in case of the non-relativistic string in torsional Newton-Cartan background.
T-duality with NSNS two form in Canonical Formalism
T-duality with non-trivial NSNS two form along directions we dualize is remarkably complex if we consider general bosonic string. The reason is that the term which is proportional to the embedding of the target space metric is multiplied by word-sheet metric while term which is proportional to NSNS two form is multiplied by world-sheet antisymmetric tensor. Then it is very difficult to solve equations of motion for auxiliary world-sheet gauge fields. However the situation simplifies considerably when we analyze T-duality with the help of the canonical formalism [9, 10] . To do this we have to find Hamiltonian for bosonic string with the action
where T is string tensor, γ αβ is world-sheet metric, x M , M = 0, . . . , 25 parameterize embedding of the string in the target space background with the metric G M N and NSNS two form B M N . Further, world-sheet is parameterized with σ α , α = 0, 1, σ 0 = τ , σ 1 = σ and ǫ αβ = −ǫ βα is antisymmetric tensor.
Since we are going to analyze T-duality with the help of the canonical formalism we have to introduce Hamiltonian for bosonic string. The result is well known and we write the result as
where
where N τ , N σ are Lagrange multipliers corresponding to the first class constraints H τ ≈ 0 , H σ ≈ 0. Now we are ready to proceed to the canonical description of T-duality when we select 2p coordinates x m , m, n = 25 − 2p, . . . , 25 and the remaining ones µ, ν = 0, 1, . . . , 2p − 1 and dualize along x m directions. According to [9, 10] such a duality can be considered as canonical transformation. Explicitly, we introduce T-dual variablesx m and corresponding conjugate momentap m . Then the canonical transformations have the form
and T-dual Hamiltonian arises when we replace original variables p m , x m in the Hamiltonian constraint with T-dual ones given above. As a result we obtain following T-dual Hamiltonian constrain in the form
and where we used the fact that under T-duality (2.4) Π M transform as
As the last important step we introduced matric H mn defined as
In order to determine transformation rules for metric and NSNS two form field under these T-duality transformations we have to find Lagrangian for T-dual string. With the help of the Hamiltonian constraint (2.5) we obtain following equation of motion
From the second equation we express k µ as
and where we introduced matrixĜ mn that is inverse to the matrix G mn
Further, matrixĜ µν has following important propertieŝ
Then inserting (2.10) into the first equation in (2.9) we obtaiñ
14)
where we used following important properties
and where we definedĜ
Now it is easy to expressp m from (2.14)
whereG mn is matrix inverse toĜ mn defined as
An existence of the matricG mn is crucial consequence of the presence of non-trivial components of NSNS two form B mn . Clearly for B mn = 0,G mn reduces toĜ mn . Now we are ready to find corresponding Lagrangian density Finally the components of T-dual metric and NSNS two form have the form
(2.21)
These are most general T-duality transformation rules in case of non-zero components of NSNS two form along directions where T-duality is performed. We see presence of two inverse metricsĜ mn andG mn whereG mn reduces intoĜ mn in case of zero B mn . In fact, in this case the transformation rules reduce to transformation rules found in the previous paper [4] . Finally g ′ αβ , b ′ αβ introduced on the last line in (2.19) are pullbacks of T-dual components of metric and NSNS two form given in (2.21) to the string's world-sheet. Finally, if we integrate out N τ , N σ we obtain
Then inserting these results back to (2.19) we obtain Nambu-Goto form of the string action in T-dual background (2.21)
In the next section we focus on T-duality with non-zero NSNS two form in case of nonrelativistic string.
T-duality of Non-Relativistic String
In this section we will briefly discuss T-duality properties of non-relativistic string in torsional Newton-Cartan background with the presence of non-zero NSNS two form. Analysis presented in this section is generalization of our previous paper [4] so that we recommend this paper for more details. As was argued previously in [5, 6, 7, 8] non-relativistic string in torsional Newton-Cartan background can be naturally defined with the help of T-duality along light-like direction of relativistic string. Since as we argued in [11] such a transformation is problematic it is natural to consider an extended action with two auxiliary fields λ + , λ − [12] . This extended action is chosen in such a way that when we solve equation of motion for λ + , λ − we obtain original relativistic string with light-like isometry. Explicitly, let us consider following Lagrangian density
where Y + = G yy , Y − = − G yy . In (3.1) wee used 1 + 1 form of the world-sheet metric where
We see from the Lagrangian density that there is exceptional direction labeled with u since solving equations of motion for λ + , λ − and inserting back to the Lagrangian density (3.1) we obtain following contribution
so that terms proportional to (∇ n u) 2 and (∂ σ u) 2 are zero and hence the Lagrangian density effectively describes motion of the string in the background with light-like isometry. However the advantage of the Lagrangian (3.1) is that it contains term quadratic in time derivative of u and hence we can easily perform canonical analysis. This has been done in [11, 4] with the result
where we performed rescaling
and in the final step also
. Further,
It is convenient to introduce common notationM = (M, u) so that the Hamiltonian constraint has the form
where we also introduced Y
. We showed in [11, 4] that performing T-duality along u−direction we obtain nonrelativistic string in torsional Newton-Cartan geometry. We further analyzed T-duality of non-relativistic string along spatial direction in [4] where we were not able to study it in the most general case of non-zero NSNS two form field. Now we fill this gap and consider T-duality transformations along k−spatial directions that we label with y i . Then T-dual coordinates are related to the original ones by following relations
In what follows we introduce common notation wherex m = (ỹ i , η),p m = (p i ,p η ) and
Further, remaining coordinates are denoted as x µ together with conjugate momenta p µ . Then after T-duality transformation we get
or equivalently
Then T-dual Hamiltonian constraint has the form
Let us now proceed to the Lagrangian formulation of given theory. Since the analysis is completely the same as in case of the relativistic theory we immediately write the result
(3.14)
The nature of the resulting T-dual string depends on the fact whether X vanishes or not.
In case when X = 0 we can solve the equation of motion forλ + ,λ − as
These equations can be easily solved forλ + andλ − . Then inserting these results into (3.13) we obtain
where primed components of the background metric and NSNS two form have the form
Clearly resulting string is relativistic string in the background fields given in (3.18).
As the second case let us consider the case when X = 0. In this case the equation of motion forλ ± have the form
We multiply first equation with ∂ σxm B m + ∂ σ x µ B µ and the second one with ∂ σxm B m + ∂ σ x µ B µ and sum these two equations so that we get
(3.20)
On the other hand if we multiply two equations in (3.19) together and use (3.20) we obtain N τ to be equal to
Finally we obtain T-dual string in the form of non-relativistic action
where a αβ is matrix inverse to a αβ .
Let us be more explicit and consider following background with light-like isometry [5, 6, 7, 8] 
where NSNS two form has following components
Let us now consider T-duality along singe spatial coordinate that we denote as y together with T-duality along direction labeled by u. Then we have We would like to consider situation when T-dual string is again non-relativistic string that is ensured when X = 0. Since Y ± u = ± √ G uu we see that in order to ensure this condition we should haveG uu = 1 G uu . In order to ensure this requirement we firstly impose condition that τ y = 0 so that the matricesĜ mn andG mn have the form and hence X = 0 on condition that b y = 0. Then
and hence we get
(3.31)
Finally we obtain transformation rules for components of the metric
(3.32)
These are generalization of the T-duality rules that were determined in our previous paper [4] to the case of non-zero NSNS two form. We also see that T-duality of non-relativistic string is again non-relativistic string when we impose restriction on the background metric given by conditions τ y = b y = 0 which agrees with the condition found in [4] .
